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In this work, we investigate the thermal quantum correlations in two coupled double semicon-
ductor charge qubits. This is carried out by deriving analytical expressions for both the thermal
concurrence and the correlated coherence. We study, in detail, the effects of the tunneling pa-
rameters, the Coulomb interaction and the temperature on the thermal entanglement and on the
correlated coherence. It is found that the Coulomb potential plays an important role in the ther-
mal entanglement and in the correlated coherence of the system. The results also indicate that
the Coulomb potential can be used for significant enhancement of the thermal entanglement and
quantum coherence. One interesting aspect is that the correlated coherence capture all the thermal
entanglement at low temperatures, i.e, the local coherences are totally transferred to the thermal
entanglement. Finally, we focus on the role played by thermal entanglement and the correlated
coherence responsible for quantum correlations. We show that in all cases, the correlated coherence
is more robust than the thermal entanglement so that quantum algorithms based only on correlated
coherence may be more robust than those based on entanglement. Our results also show that the
entanglement can be tuned by varying the Coulomb interaction between electrons.
PACS numbers:
I. INTRODUCTION
The entanglement carries not only interesting proper-
ties of quantum mechanics but also it is a very impor-
tant phenomenon due to the powerful applications in the
context of quantum information process and quantum
computing[1–3]. In the last decades, solid-state realiza-
tions of it have received considerable attention due to
the fact that semiconductor nanostructures such as quan-
tum dots [4, 5] and double quantum dots (also known as
quantum dot molecules) [6, 7] are promising candidates
for the physical implementation of quantum information
processing[8]. There are proposals for quantum dots us-
ing either charge [9] or spin [10–12] as qubits, or even
both at the same time [13, 14]. These quantum sys-
tems are of great interest due to their easy integration
with the existing electronics and the advantage of scal-
ability [15, 16]. The coherent control of tunneling in a
asymmetric double quantum dot was reported in [17].
Moreover, the quantum dynamics and the entanglement
of two electrons inside the coupled double quantum dots
were addressed in [18, 19], while that the aspects related
to the quantum correlations and to the decoherence were
investigated in [20–23]. In addition, quantum teleporta-
tion based on the double quantum dots [24], the quan-
tum noise due to phonons induce steady-state in a dou-
ble quantum dot charge qubit[25], multielectron quan-
tum dots [26] and spin-orbit-coupled quantum memory
of a double quantum dot [27] were also reported.
On the other hand, quantum coherence is one of the
central concepts in quantum mechanical systems. By
arising from the quantum superposition, it is a funda-
mental feature of many different quantum mechanical
systems such as electrons, photons, atoms, hybrid sys-
tems and so on. It has been widely used as a resource in
the quantum information processing [31], in the quantum
metrology [32, 33], in the thermodynamics [34, 35], etc.
Several measurements of it were proposed, so its prop-
erties have been investigated in detail over the years(see
[36, 37], for instance). More recently, a new measure
called correlated coherence [38, 39] was introduced in
order to investigated the relation between the quantum
coherence and the quantum correlations. The quantum
correlated coherence is a measure of coherence with the
local parts removed, is to say, all coherence in the system
is stored entirely within the quantum correlations.
In this paper, our main goal is to investigate the ther-
mal entanglement and the quantum correlated coherence
in two couples quantum dot molecules, where are re-
garded an isolated double quantum dot as a charge qubit.
We take into account that the system is isolated from
their respective electronic reservoirs and that it remains
in the strong Coulomb blockade regime, such that one ex-
cess electron is permitted in each double quantum dot, at
most. In our model, we consider a system of two charge
qubits, in which an excess electron occupies either the
left dot |L〉 or the right one, |R〉. We obtained analyt-
ical solutions, which allowed us to explore in detail the
performance of the thermal entanglement. We also de-
rived the quantum correlated coherence and we investi-
gated the role played by it in our model. In addition, it
is compared the thermal entanglement with a quantum
correlated coherence. Finally, the framework provided by
the correlated coherence allows us to retrieve the same
concepts of quantum discord as well as quantum entan-
glement, providing a unified view of these correlations,
where the quantum discord is a measure of the quantum
correlations going beyond entanglement [40, 41]. Note
that, for a multipartite system, if the coherence of the
global state is resource which cannot be increased, the
cost of creating discord can be expressed in terms of co-
herence [42, 43].
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FIG. 1: (Color online) A schematic representation of the phys-
ical model with the two coupled double quantum dots. The
electrons are represented by the smaller spheres inside the
quantum dots.
This paper is organized as follows. In Section II we
describe the physical model and the method treat it. In
Section III, we briefly review the definition of the concur-
rence C and the correlated coherence, Ccc. The analytical
expressions for them are found. In the Section IV, we dis-
cuss the most interesting results of the behavior the ther-
mal entanglement and the correlated coherence. Finally,
in Section V, we summarize our main conclusions.
II. THE MODEL
The model consists in the two sets of double quantum
dots (DQDs), where each dot is filled with a single elec-
tron, in which an excess electron is located either in the
left dot(|L〉) or in the right one(|R〉), as shown in Fig. 1.
The Hamiltonian of the two couple double quantum dots
[20] is given by
H = ∆1σ
x
1 +∆2σ
x
2 + V (σ
z
1 ⊗ σz2) (1)
where σα1(2)(α = x, z) are the Pauli operators, ∆1(2) is
the strength of the tunneling coupling between the two
quantum dots, while the V represents the Coulomb in-
teractions between the electrons. We consider the con-
vention |0〉 ≡ |L〉 and |1〉 ≡ |R〉 to indicate the electron
occupying either the left dot, (L), or the right one, (R).
The four eigenvectors of Eq. (1) in the standard basis
{|LL〉 , |LR〉 , |RL〉 , |RR〉} are
|ϕ1〉 = α− [A− (− |LL〉+ |RR〉) + n− (|LR〉 − |RL〉)] ,
|ϕ2〉 = α− [n− (− |LL〉+ |RR〉) +A− (− |LR〉+ |RL〉)] ,
|ϕ3〉 = α+ [A+ (|LL〉+ |RR〉) + n+ (|LR〉+ |RL〉)] ,
|ϕ4〉 = α+ [n+ (|LL〉+ |RR〉)−A+ (|LR〉+ |RL〉)] . (2)
where α± = 1√
2
√
(n±)2+A2±
, A± = V +
√
(n±)2 + V 2 ,
n± = ∆1 ±∆2 and the corresponding eigenvalues are
ε1,2 = ±
√
(n−)2 + V 2, (3)
ε3,4 = ±
√
(n+)2 + V 2. (4)
The system state in the thermal equilibrium is de-
scribed by ρ(T ) = exp(−βH)
Z
, where β = 1/kBT , with
kB being the Boltzmann’s constant, T is the absolute
temperature and the partition function of the system is
defined by Z = Tr [exp(−βH)].
A. The density operator
The state of this bipartite system at the thermal equi-
librium can be expressed by the density operator ρ as
ρAB(T ) =


ρ11 ρ12 ρ13 ρ14
ρ12 ρ22 ρ23 ρ13
ρ13 ρ23 ρ22 ρ12
ρ14 ρ13 ρ12 ρ11

 . (5)
The elements of this density matrix, after an cumbersome
algebraic manipulation, are given by
ρ11 =
α2−(A
2
−e
−βε1+n2−e
−βε2)+α2+(A
2
+e
−βε3+n2+e
−βε4)
Z
,
ρ12 =
A−n−α
2
−(−e−βε1+e−βε2)+A+n+α2+(e−βε3−e−βε4)
Z
,
ρ13 =
A−n−α
2
−(e
−βε1−e−βε2)+A+n+α2+(e−βε3−e−βε4)
Z
,
ρ14 =
−α2−(A2−e−βε1+n2−e−βε2)+α2+(A2+e−βε3+n2+e−βε4)
Z
,
ρ22 =
α2−(n2−e−βε1+A2−e−βε2)+α2+(n2+e−βε3+A2+e−βε4)
Z
,
ρ23 =
−α2−(n2−e−βε1+A2−e−βε2)+α2+(n2+e−βε3+A2+e−βε4)
Z
,
where Z =
∑
i
e−βεi .
Since ρAB(T ) represents a thermal state, the entangle-
ment is then called thermal entanglement.
III. QUANTUM CORRELATIONS
A. Thermal entanglement
In order to quantify the thermal entanglement, we em-
ploy the quantity called concurrence C [46]. Which is
defined as
C = max
{
0, |
√
λ1 −
√
λ3 | −
√
λ2 −
√
λ4
}
, (6)
where λi (i = 1, 2, 3, 4) are the eigenvalues in the decreas-
ing order of the matrix
R = ρ (σy ⊗ σy) ρ∗ (σy ⊗ σy) , (7)
with σy being the Pauli matrix. We will explore the ther-
mal entanglement of the considered two coupled double
3quantum dots systems. To achieve this goal, we must
obtain the eigenvalues of R. They are given by
λ1 =
Θ−
2
+
1
2
√
Ξ2− − Σ2−,
λ2 =
Θ−
2
− 1
2
√
Ξ2− − Σ2−,
λ3 =
Θ+
2
+
1
2
√
Ξ2+ − Σ2+,
λ4 =
Θ+
2
− 1
2
√
Ξ2+ − Σ2+, (8)
where
Ξ± = (ρ11 ± ρ14)2 − (ρ22 ± ρ23)2 ,
Σ± = 2 (ρ13 ± ρ14) (∓ρ11 − ρ14 + ρ23 ± ρ22) ,
Θ± = (ρ11 ± ρ14)2 − 2 (ρ12 ± ρ13)2 + (ρ22 ± ρ23)2 .
In this case, the analytical expression for the thermal
concurrence is too large to be explicitly provided in this
paper.
B. Correlated Coherence
The quantum coherence is an useful resource for the
quantum information processing task. When in a bi-
partite system, it can be contained either locally or in
the correlations between the subsystems. Its portion for
which all the coherence in the system is stored, entirely
within the quantum correlations, is called correlated co-
herence, Ccc [38]. For a bipartite quantum system, it
becomes
Ccc(ρAB) = Cl1(ρAB)− Cl1(ρA)− Cl1(ρB), (9)
where ρA = TrB(ρAB) and ρB = TrA(ρAB). Here, A
and B stand for local subsystems.
In accordance with the set of properties which every
proper measure of coherence should satisfy [36], a number
of coherence measures have been put forward. We focus
on the l1-norm of coherence Cl1 . It is defined as
Cl1(ρ) =
∑
i6=j
|〈i|ρ|j〉|. (10)
The quantum coherence is a basis dependent concept,
but we can choose an incoherent one for the local co-
herence, which will enable us to diagonalize ρA and ρB.
From Eq.(5), the reduced density matrix ρA(T ) will be
given by
ρA(T ) =
(
ρ11 + ρ22 2ρ13
2ρ13 ρ11 + ρ22
)
. (11)
In a similar way, we obtain
ρB(T ) =
(
ρ11 + ρ22 2ρ12
2ρ12 ρ11 + ρ22
)
. (12)
In order to analyze the correlated coherence, we make
an unitary transformation in the reduced density matrix
ρA(T ) and ρB(T ), for which
U =
(
cos θ −eiϕ sin θ
e−iϕ sin θ cos θ
)
, (13)
ρ˜A(T ) = U ρA(T )U
† and ρ˜B(T ) = U ρB(T )U †. On
the other hand, the unitary transformation of the bi-
partite quantum state ρAB(T ) is given by ρ˜AB(T ) =
U˜ ρAB(T ) U˜
†, where U˜ = U ⊗ U .
The unitary transformation will show the relationship
between the global coherence and the local coherence for
several choices of the parameters θ and ϕ. In particu-
lar, by setting (θ = pi4 , ϕ = 0) in the Eq.(13), we obtain
a matrix that diagonalize ρA(T ) and ρB(T ). This step
provide us the basis set, where A and B are locally in-
coherent. Thus, by inserting Eq.(13) into the Eq. (9),
fixing θ = pi4 and ϕ = 0, we obtain an explicit expression
for correlated coherence, that is,
Ccc(ρAB(T )) = |ρ11+ρ14−ρ22−ρ23|+|ρ11−ρ14−ρ22+ρ23|.
(14)
IV. RESULTS AND DISCUSSIONS
In this section, it is discussed the main results ob-
tained in the foregoing section. In Fig. 2 we show the
concurrence C as a function of the temperature T and
for different values of the potential V , with ∆1 = 10
and ∆2 = 15. We consider two different regimes: in
the first one, for a strong Coulomb potential and for a
fixed V = 16∆1 (red curve), we can see that the con-
currence for T = 0 is C ≈ 0.988. It is observed that
the concurrence monotonously tends to zero as soon as
the temperature increases. For V = 8∆1 (green curve),
the concurrence is slightly smaller than to the previous
case. However, it decreases slower when the tempera-
ture is raised. In the second regime, we consider a weak
Coulomb potential, with V = ∆13 (magenta curve) and
V = ∆16 (blue curve). In these situations, we have a
weak entanglement at zero temperature, remaining al-
most constant at low temperatures. As the temperature
is raised, it vanishes for T = 9 and T = 7.2, respec-
tively. It is interesting to analyze the strong potential
regime (V = 16∆1), for which we calculated each ele-
ment of the density operator in the limit T → 0, getting
|ϕ4〉 ≈ 0.055 (|LL〉+ |RR〉)−0.705 (|LR〉+ |RL〉), which
will generate the concurrence C ≈ 0.988. On the other
hand, by analyzing V = ∆16 (the weak potential regime)
as T → 0, a single non-zero state vetor is obtained which
contributes to the density operator. This way, we have
|ϕ4〉 ≈ 0.483 (|LL〉+ |RR〉) − 0.516 (|LR〉+ |RL〉), thus
the concurrence becomes C ≈ 0.066.
In Fig. 3, it is depicted the behavior of the concurrence
C as a function of the temperature T with fixed parameter
values (V = 20, ∆2 = 8) and for different values of the
4FIG. 2: The concurrence C as a function of temperature T and
for various values of the Coulomb potential V , with ∆1 = 10
and ∆2 = 15.
∆1. The curves of the concurrence are quite similar to the
previous examined case, but the value of C in T = 0 di-
minishes as the parameter ∆1 increases. In this figure, it
can be noted that when the tunneling parameter is weak
(i.e. ∆1 = 1), the concurrence for T = 0 is C ≈ 0.912.
And, as T increases, the concurrence C decreases rapidly
until reaching the threshold temperature, above which
the thermal entanglement becomes null. As the tunnel-
ing parameter (∆1) increases, the concurrence exhibits
a similar behavior, but the concurrence is slightly more
robust in these cases.
In Fig. 4, we plot the concurrence as a function of
Coulomb potential V for several values of tunneling pa-
rameter ∆2 and fixed T = 0.1. In this case, we consider
the same tunneling parameter for each double quantum
dot. For weak tunneling parameter ∆2 = 1, we ob-
serve a sudden increase of the concurrence, which attains
the value C ≈ 0.9, which decreases gradually to zero as
V increases. Moreover, the figure shows that the ther-
mal entanglement between the charges qubits is more ro-
bust as the tunneling parameter is raised (see curves for
∆2 = 2, 5, 10 ). Furthermore, in this figure, it is observed
that the concurrence is null at V = 0 for each parame-
ter ∆2 considered. By analyzing the matrix elements of
the density operator, it is observed that the eigenstate
is given by |ϕ4〉 = 12 (|LL〉+ |RR〉) − 12 (|LR〉+ |RL〉).
It is worth to mention that this state is an unentan-
gled one. This result shows that V can be used for
either turning on or off the entanglement. The physi-
cal explanation of our model exhibit high entanglement
is due to the strong coupling of the Coulomb poten-
tial, since when two electrons are relativity close to each
other, the Coulomb’s interaction energy is greater than
FIG. 3: The concurrence C as a function of temperature T
and for different values of ∆1. Here, V = 20 and ∆2 = 8.
it is when the electrons are furthest apart, strongly fa-
voring the entanglement of the left electron of the top
double quantum dot and the right electron of the bot-
tom double quantum dot, and vice versa. On the other
hand, when the double quantum dots are physically sep-
arated, the effects of the Coulomb potential is rather
weak, in this case, the probability of finding the electrons
is distributed between states {|LL〉 , |LR〉 , |RL〉 , |RR〉},
which correspond to the system having weak entangle-
ment. In the limiting case, when the Coulomb poten-
tial is null, the electrons will be equally distributed be-
tween states {|LL〉 , |LR〉 , |RL〉 , |RR〉}, thus the ther-
mal entanglement is null. In conclusion, we can use
the Coulomb potential to tune in the entanglement of
the system. In Fig. 5, we compare the correlated
coherence and the concurrence versus the temperature
for fixed tunneling coupling(∆1 = 10, ∆2 = 15), for a
strong Coulomb potential V = 16∆1 and for different
values of the parameter θ. In these figures, we include
the curves of total quantum coherence Cl1(ρAB) and the
local quantum coherence Cl1(ρA) + Cl1(ρB) for a better
understanding the behavior of the quantum coherence
and the quantum correlations. In Fig. 5(a), the corre-
lated coherence and the concurrence are depicted as a
function of temperature T , on the basis of the eigenener-
gies which corresponds to the angle θ = 0 and to ϕ = 0
in the transformation U(see Eq. 13). These curves show
that, for T → 0, the correlated coherence Ccc (solid blue
curve) is higher than the thermal entanglement C(solid
red curve). The difference between them are the untan-
gled quantum correlations (quantum discord). One can
see clearly that, as the temperature increases, the entan-
glement (red curve) decays up to threshold temperature
T ≈ 66.9, while that, the total quantum coherence gradu-
5FIG. 4: The concurrence C as a function of the Coulomb
potential V for several values of coupling ∆2, with ∆2 = ∆1
and T = 0.1.
ally decreases as the temperature increases. In Fig. 5(b),
we choose θ close to pi4 ,
(
θ = 0.95pi4
)
and ϕ = 0, so we
can see that, in this basis, the local quantum coherence
(dashed blue curve) is almost null. Then, it can be seen
that the total quantum coherence (solid green curve) is,
almost, entirely constituted by the correlated coherence
for this particular choice of θ. On the other hand, for high
temperatures and after the concurrence and the local co-
herence has disappeared, the total quantum coherence is
composed solely by non-entangled quantum correlations.
In Fig. 5(c), the concurrence and the quantum coherence
are analyzed for the incoherent basis θ = pi4 and ϕ = 0.
It is interesting to see that there is an overlap between
the total quantum coherence Cl1(ρAB) and the correlated
coherence Ccc. This is due to the chosen basis, which min-
imizes the correlated coherence. Moreover, by comparing
the results of concurrence C and the correlated coherence
Ccc, one can notice that the correlated coherence and the
total of the thermal entanglement have the same order,
in the low temperature region, which is consistent with
the previous result [47]. It is also observed that, as the
temperature increases, the entanglement decays and dis-
appears for T ≈ 66.9, while that the correlated coherence
increases slightly due to the thermal fluctuations, then
decreasing monotonically as soon as the temperature T
increases.
Finally, in Fig. 6, we plot both Ccc and C versus T , for
fixed tunneling coupling ∆1 = 10, ∆2 = 15 and two dif-
ferent values of the Coulomb potential, namely, V = ∆1
and V = ∆13 . In this figure, the correlated coherence
is analyzed in the incoherent basis for a local coherent
θ = pi4 and ϕ = 0. As it can be clearly seen in the figure
6, the correlated coherence (blue dashed curve) is equal
FIG. 5: Comparison between the correlated coherence Ccc
(blue solid line) and the concurrence C (red solid line) as a
function of temperature T in the logarithmic scale, for fixed
∆1 = 10, ∆2 = 15, V = 16∆1 and ϕ = 0. (a) θ = 0, (b)
θ = 0.95
(
pi
4
)
, (c) θ =
(
pi
4
)
.
6FIG. 6: Concurrence C (red solid curve) and the correlated
coherence Ccc (blue dashed curve) versus T in the logarithmic
scale for different values of Coulomb potential V and ∆1 = 10,
∆2 = 15.
to the concurrence (red curve) in the low temperature
region, i.e, the correlated coherence captures the total
thermal entanglement. As the temperature increases, the
thermal fluctuations generate an increased quantum co-
herence, while the thermal entanglement decreases until
vanishes at the threshold temperature, T ≈ 12.24 and
T ≈ 9.02, for V = ∆1 and V = ∆13 respectively. Finally,
the correlated coherence monotonously leads to zero.
V. CONCLUSIONS
In summary, we have investigated the thermal entan-
glement and the correlated coherence in two coupled
quantum dot molecules containing two excess electrons.
Here, the correlated coherence was defined based on the
recently formulated resource theory of coherence. In this
model, we consider an isolated double quantum dot as a
charge qubit and the proposed model was exactly solved.
We obtained an explicit expression for the thermal den-
sity operator. This allows us to calculate the thermal
concurrence and the correlated coherence. We discussed
in detail the effects of the tunneling coupling parame-
ters, the Coulomb interaction between two electrons on
DQDs as a function of temperature. Our results suggest
that the Coulomb potential can be used to turn on the
thermal entanglement and, then be tuned conveniently.
This fact demonstrates the positive role of the Coulomb
potential and enhancing both the thermal entanglement
and the correlated coherence.
In addition, we found a direct connection between the
entanglement and the quantum coherence. In particu-
lar, we reported that the correlated coherence measure
is equal to the concurrence for low temperatures. Then,
the thermal entanglement should be viewed as a particu-
lar form of a quantum coherence. Thus, here we consider
θ = pi4 and ϕ = 0, which correspond to the incoherent ba-
sis for a local coherence. In addition, the model showed
a peculiar thermally-induce increase of the correlated co-
herence due to the emergence of non-entangled quantum
correlations, as the entanglement decrease. When T is
high enough, the quantum entanglement disappears as
thermal fluctuation dominates the system.
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